In this manuscript, we investigate the exact bound state solution of the Klein Gordon equation with an energy-dependent Coulomb-like potential energy in the presence of position-energy dependent mass. First, we examine the case where the mixed vector and scalar potential energy possess equal magnitude and equal sign. Then, we extend the investigation with the cases where the mixed potential energies have equal magnitude and opposite sign. Furthermore, we study pure scalar and pure vector cases. In each case, we derive an analytic expression of the energy spectrum by employing the asymptotic iteration method. We obtain a non-trivial relation between the tuning parameters which lead the examined problem to a constant mass one. Finally, we employ the Secant method to calculate the energy spectra. We use the calculated spectra and show that the unnormalized wave functions satisfy the boundary conditions.
I. INTRODUCTION
One of the important goals in relativistic or non-relativistic quantum mechanics is to obtain an exact solution of a physical problem by employing potential energy [1] [2] [3] .
It is found that among the analytically solvable potential energies, only a few of them are very appropriate to represent the physical systems. For example, Coulomb potential energy is used to describe the Hydrogen atom. Bound state solution of the Coulomb-like potential energy is investigated in details in the relativistic [3] and non-relativistic [4] equations.
Klein Gordon (KG) equation is one of the relativistic equation that is introduced to describe the dynamics of the bosonic particles. Although it was first introduced about a century ago [5] , it still attracts the scientists' interest. Especially, researchers focus on the solutions of the KG equation with equal and unequal vector and scalar potential energies. Among a large number of articles, we would like to underline the investigations that employ Woods-Saxon [6] , Hulthén [7] , Morse [8] , Rosen-Morse [9] , Eckart [10] , Manning-Rosen [11] , Pöschl-Teller [12] , Kratzer [13] , Hylleraas [14] , multiparameter [15] , exponential-type molecule [16] , pseudoharmonic oscillator [17] , Hartmann [18] , double ring-shaped oscillator [19] potential energies.
In the last decades, position-dependent mass (PDM) are gained popularity to interpret the properties of several quantum systems such as quantum liquids [20] , quantum wells [21] , quantum rings [22] , quantum dots [23] , etc. More applications about quantum semiconductor structures can be found in the book of Weisbuch and Vinter [24] .
On the other hand, energy-dependent potential (EDP) energies are being used to describe the physical systems for a while [25] [26] [27] . In recent times, the number of studies on the solutions of EDP energies in both relativistic and non-relativistic wave equations is increased [28] [29] [30] [31] [32] [33] [34] [35] [36] .
In this manuscript, our motivation is to investigate the effects of the EDP Coulomblike mixed vector and scalar potential energy in the presence of PDM on the bound state energy eigenvalues and corresponding wave functions for the KG particle in terms of following cases: mixed vector and scalar potential energies with equal magnitude and equal sign (EMES), mixed vector and scalar potential energies with equal magnitude and opposite sign (EMOS), pure vector (PV) potential energy, pure scalar (PS) potential energy and constant mass energy limits.
We prepared the manuscript as follows. In sect. II we gave a brief outline of the AIM method. In sect. III we introduced the radial KG equation with mixed vector and scalar equation. Then, in subsection III A, we declared the position and energy dependent mass function. Then, in its subsections, we solved the radial KG equation by employing the AIM method in different limits. In sect. III B, we obtained the wave function solution by using the boundary conditions in terms of confluent hypergeometric functions. Then, in sect. IV, we employed the numerical methods and calculated energy spectra for a neutral pion particle. We verified the spectra results by plotting their corresponding wave functions in means of obeying the boundary conditions. Before we concluded the manuscript in sect. V, we analyzed the role of the tuning parameters on the energy spectrum in the pure scalar limits.
II. ASYMPTOTIC ITERATION METHOD
The AIM has been proposed for solving the homogeneous linear second-order differential equation of the form [37] 
where λ 0 function has a non-zero expression. Here, the prime is used to denote the derivative of the function with respect to x. The functions λ 0 (x) and s 0 (x) are assumed to have sufficiently differentiable. The first derivative of Eq. (1) gives
where
The second derivative of Eq.(1) gives
The repetition of the derivatives up to (k + 1)th and (k + 2)th order, ends up with
Division of Eq. (9) with Eq.(8) yields
For sufficiently large integer values of k, the ratio
converges to an α(x) function. This is known as the quantization condition and leads to the calculation of the energy spectrum.
III. KLEIN-GORDON EQUATION
In (3+1) dimensions, in the presence of spherical symmetric vector, V v (r), and scalar, V s (r), potential energies the time independent KG equation with a PDM is given as [38] 2 c 2 ∇
Here, and c represent the reduced Planck constant and the speed of light, respectively.
E is the energy of the bosonic particle. The mass term, m(r, E), depends on the energy in addition to the spatial coordinate. The decomposition of the spatial wave function into radial wave function, R(r) and angular-dependent spherical harmonics, Y l m (θ, ϕ), ends up with
where u(r) ≡ rR(r).
A. Bound state solution
In this manuscript, we investigate bound state solutions of the KG equation with a position and energy dependent mass function that is defined by
Here, λ and m 0 are the reduced Compton wavelength and the rest mass of the spin-0 particle, respectively. b is the coupling constant. The term Note that, we can express the investigated mass energy term as follows:
Mixed vector and scalar potential energies with equal magnitude and equal sign case
In this subsection, we use attractive scalar potential energy that has EMES with the vector potential energy.
The EMES potential energies condition turns Eq. (17) into
Then, we employ Eqs. (18) and (20) in Eq. (21) and we obtain
We introduce a new coordinate transformation,
We put forward an ansatz by examine the asymptotic behaviours (27) and we find
We compare Eq. (28) with Eq. (1) to adopt the AIM method. We get
After several consecutive iterations
We obtain the quantization condition as follows
We substitute τ , β and η parameters and find
where n = 0, 1, 2, 3, · · · .
Mixed vector and scalar potential energies with equal magnitude and opposite sign case
In this subsection, we use repulsive scalar potential energy that possesses equal magnitude with the vector potential energy but with an opposite sign.
We employ the EMOS condition in Eq. (17) and we derive
We follow similar steps and find Eq. (23) with different parameters
First, we employ the same ansatz and then, apply the AIM method, we get the quantization condition as follows
where n is an integer.
Pure vector potential energy case
In this subsection, we examine the case where the scalar potential energy is equal to zero.
We would like to remind you that since the variable mass has vector potential energy coupling, even in the absence of scalar potential energy, the KG equation is not in the minimal coupling form. We use the pure vector condition in Eq. (21) and we find
We go through the same procedure given in details above and we obtain Eq. (23) with different parameters as
the quantization condition as given
Here, the quantum number n is an integer.
Pure scalar potential energy case
In this subsection, we investigate the case where the vector potential energy is equal to zero. Consequently, the mass term does not depend on either position or energy. On the other hand, the mass term couples with an attractive scalar potential energy.
In this case the KG equation given in Eq. (17) turns to be
After basic algebra which is given in details in the previous subsections, we find the quantization condition as follows:
Constant mass energy limit
In this section, we discuss a limit where the vector and scalar potential energy couplings to the mass term vanish. Basically this limit is obtained by employing the definition of the non constant mass term, which is given in Eq. (19) , in the KG equation, which is expressed in Eq. (17) . We find
Since b is an arbitrary parameter, it is always possible to obtain
. For instance if we assume an attractive vector and a repulsive scalar potential energies with different magnitudes
with position and energy dependence. Then, we find
Note that, the tuning parameter b does not need to be a positive number.
Before we conclude this subsection, we strongly advice to read papers that examine some classes of exactly-solvable KG equations within V v (r) ≡ V 0 + βV s (r) relation where V 0 and β are arbitrary constants [8, 39, 40] .
B. Wave function solution
In this section we obtain the wave function solution. We start with a new transformation, y = 2τ z, in Eq. (28). We find
This equation is similar to the confluent hypergeometric equation [41] 
which has the solution
Here, 1 F 1 (a, c, x) and 1 U 1 (a, c, x) are the first and second kind confluent hypergeometric functions, respectively. We obtain the coefficients with the match of the Eq. (58) and
Then the wave function u(r) is found to be
Note that second kind confluent hypergeometric function does not satisfy the boundary conditions. Hence N 2 is chosen to be zero.
IV. RESULTS AND DISCUSSIONS
In this section, we use the Secant method to calculate energy spectra in order to present concrete results. We employ a neutral pion as the examined spin-0 particle. The First, we use Eq. (35) to calculate the energy spectra in the EMES limit. We tabulate the obtained energy spectra in Table I . We illustrate the unnormalized wave functions, the vector potential energy and the mass function in Fig. 1 .
Note that, when b is zero, λb becomes zero and the mass loses both energy and position dependence. However, energy dependency on the potential energy continues.
To comprehend the effect of energy dependence, we use three values in which the tuning parameter δ has negative, −0.003 MeV −1 , and positive 0.003 MeV −1 , values in addition to zero. In this case, the spectra consist only of the upper or lower energy eigenvalues.
During the increase of delta parameter from the negative value to the positive value, we observe that lower energy eigenvalues increase and upper energy eigenvalues decrease.
When b has negative value, we realize that lower energy eigenvalues do not occur. In this case, the spectra consist only of the upper energy eigenvalues, and as the delta increases, the values of the energy eigenvalues decrease. This decrease is relatively smaller as quantum numbers increase. When b has a positive value, the upper and lower energy eigenvalues exist in the energy spectra. Unlike the previous case, the increase of delta parameter decreases the lower energy eigenvalues. On the other hand, like the previous case, the upper energy eigenvalues decreases.
Then, we examine the energy spectra of the EMOS limit by solving Eq. (41). We find that the energy spectra persist non zero values only in positive values of the tuning parameter b. We tabulate the calculated energy spectra in Table II . We plot the existing unnormalized wave functions in Fig. 2 . One of the authors of this study, BCL, in a study published in 2018, examined the generalized symmetric Woods-Saxon potential energy with a constant mass term in the KG equation and showed that an energy spectrum at the EMOS limit cannot be obtained [42] . The results obtained in this study are in agreement with the results given by BCL. In addition to those results, we show that a spectrum can be calculated with upper energy eigenvalues for a specific value of the effective mass.
Then, we calculate the energy spectra in the PV limit, where V s (r) = 0. We present the energy spectra in Tab. III. We observe that the ground state eigenvalue does not exist, instead the lowest eigenvalue is E 11 . In all cases, the eigenvalues have positive values. The increase of δ parameter with the negative value of b parameter creates a decrease in the value of the lowest eigenvalue. Furthermore, these decreases have an increment when b becomes positive. We demonstrate some of the unnormalized wave functions in Fig. 3 .
We study the pure scalar limit and tabulate the energy spectra in Tab. IV. We illustrate the unnormalized wave functions in the pure scalar limit in Fig. 4 . In each particular sub-case, two energy eigenvalues, namely upper and lower eigenvalues are obtained. Similar to the pure vector case, a decrease between the energy eigenvalues is observed in the increasing values of δ for a fixed b value. To demonstrate it, we plot Fig.   5 . There, we illustrate the variation of particular upper and lower energy eigenvalues of the spectra via δ parameter for the fixed negative value of b. When the potential energy is independent of the energy and the mass has a constant value, the energy eigenvalues become symmetrical as expected. In addition, when the mass and potential energy are independent of energy, a symmetry of upper and lower energy eigenvalues exist. Finally, in Fig. 6 , we demonstrate the upper and lower energy eigenvalues of the spectra versus λb values for a negative constant value of the tuning parameter δ. We see a higher differentiation of the eigenvalues for lower quantum numbers. We observe a decrease in upper and an increase in lower eigenvalues for small quantum numbers. As the quantum numbers for a fixed lb increase, the difference between the two adjacent energy levels decreases.
V. CONCLUSION
In this paper, we obtained the bound state solution of a Klein Gordon particle whose mass varies via position and energy. We took into account an energy-dependent Coulomb-like potential energy and employed the asymptotic iteration method. We examined the solution in five different limits, i.e. mixed vector and scalar potential energies with equal magnitudes with equal/opposite signs, pure vector, pure scalar, and constant mass. Except for the trivial constant mass limit, in each cases, we derived a transcendental equation that yields to calculating the energy spectrum. We showed that the radial wave functions are occurring in terms of the confluent hypergeometric functions.
Next, we considered a neutral pion particle and used the Secant numerical methods to obtain an energy spectrum in each limit. Although the potential energy parameters were chosen at random, we have set various tuning parameters to investigate all critical situations. We verified the tabulated energy eigenvalues by examining their corresponding wave function behavior which fulfills the boundary conditions. Finally, we discussed the role of the tuning parameters in the pure scalar limit. We believe that the results 
